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GRADIENT ESTIMATES FOR ∆u + aup+1 = 0 AND LIOUVILLE THEOREMS
BO PENG, YOUDEWANG, AND GUODONGWEI
Abstract. In this short note, we use a unified method to consider the gradient estimates of the
positive solution to the following nonlinear elliptic equation∆u+aup+1 = 0 defined on a complete
noncompact Riemannian manifold (M, g) where a > 0 and p < 4
n
or a < 0 and p > 0 are two
constants. For the case a > 0, this improves considerably the previous known results except for
the cases dim(M) = 4 and supplements the results for the case dim(M) ≤ 2. For the case a < 0
and p > 0, we also improve considerably the previous related results. When the Ricci curvature
of (M, g) is nonnegative, we also obtain a Liouville-type theorem for the above equation.
1. Introduction
In the past decades, one pay attention to studying the following elliptic equation defined on a
Riemannian manifold (M, g) of dimension n
(1.1) ∆u(x) + a(x)u(x)s = 0,
where s ∈ R. This equation appears in physics. For a(x) ≡ a < 0 and s < 0, the equation
(1.1) defined on a bounded smooth domain in Rn is called thin film equation, which describes a
steady state of the thin film (see [12]). In addition, when a(x) ≡ a is a constant, it is linked with
the theory of stellar structure in astrophysics for n = 3 and Yang-Mills’ problem for n = 4 and
s = n+2
n−3 in physics (see [11, 5]).
On the other hand, as s = (n + 2)/(n − 2) this equation appears in differential geometry. Let
(M, g) be a Riemannian manifold of dimension n (n ≥ 3), and K(x) be a given function on M. If
one can find a new metric g1 on M such that K is the scalar curvature of g1 and g1 is conformal
to g (i.e., g1 = u
4/(n−2g for some function u > 0 on M), then it is equivalent to there exists a
positive solution of the following prescribed scalar curvature equation
4(n − 1)/(n − 2)∆gu − ku + Ku(n+2)/(n−2),
where ∆g is the Laplace-Beltrami operator on M with respect to g metric and k is the scalar
curvature of (M, g). In the special case where M ≡ Rn and g is the usual metric, we have k ≡ 0
and the above equation reduces to
(1.2) ∆u + K(x)u(n+2)/(n−2) = 0
in Rn, after an appropriate scaling (see [8]). Caffarelli, Gidas and Spruck in [3] studied non-
negative smooth solutions of the conformally invariant equation (1.2) with K(x) ≡ 1 in a punc-
tured ball, B1(0) \ {0} ⊂ Rn, n ≥ 3, with an isolated singularity at the origin. For more details
we refer to [8, 9, 17, 13, 19].
Many mathematicians made contributions to the equation (1.1). For example, in the case
a(x) ≡ 0, (1.1) is the Laplace equation and the corresponding gradient estimate of (1.1) has
ever been established by Yau in the very famous paper [24] (for its generalized version, see the
remarkable work [6] due to Cheng-Yau). When s = 1, P. Li and S.-T. Yau [15] proved some
results on the gradient estimate of positive solutions under the condition that |∇a(x)| = o(r(x))
as r(x) → +∞ where r(x) is the geodesic distance between x and some fixed point P in M.
1
2 BO PENG, YOUDE WANG, AND GUODONGWEI
For a(x) is a real function, the equation (1.1) is also studied by Gidas and Spruck [11] with
1 ≤ s < n+2
n−2 and n > 2. Under certain conditions on a(x), for instance a(x) ≥ 0 for r(x) large
satisfies that |∇ log a(x)| < C/r(x) and if n ≥ 4, a(x) > C(r(x))σ with σ > −2/(n − 3) where
r(x) is the distance of x from some fixed point, they proved that any nonnegative solution to the
equation is identically zero when the Ricci tensor of manifold is nonnegative. In particular, they
showed that, if M is complete Riemannian manifold with non-negative Ricci tensor and n > 2,
then every non-negativeC2 solution of ∆u+ uα = 0, 1 ≤ α < (n+ 2)/(n− 2), on M is identically
zero.
Later, Li [14] proved the Gidas-Spruck’s some results under some weaker restrictions of a(x)
for the case 1 < s < n
n−2 and n > 3. In particular, Li obtained a gradient estimate for positive
solution of (1.1) when a(x) ≡ a is a positive constant, 1 < s < n
n−2 and n > 3. Yang [23]
obtained the corresponding gradient estimates of positive solutions to (1.1) for a(x) ≡ a , 0
and s < 0, and showed that if s < 0 and a(x) is a positive constant, (1.1) does not admit any
positive solution on a complete manifold with the nonnegative Ricci tensor (also see [18, 22]).
Recently, Ma-Huang-Luo [16] studied the gradient estimate for a positive solution when
a(x) ≡ a is a positive constant and n+2
2(n−1) < s <
2n2+9n+6
2n(n+2)
for n ≥ 3, or a(x) is a positive constant
and s ≤ 1. On the other hand, they also obtained the gradient estimate for a positive solution
with a(x) ≡ a is a negative constant and s > 0. Therefore, it is natural to try to achieve gradient
estimates for positive solutions to the nonlinear elliptic equation (1.1) with a > 0, other s and
dimensions n.
In this paper, we focus on studying gradient estimates for positive solutions to the follow-
ing nonlinear elliptic equation defined on an n-dimensional complete noncompact Riemannian
manifold (M, g)
(1.3) ∆u(x) + au(x)p+1 = 0
where a > 0 and p < 4
n
or a < 0 and p > 0 are two constant numbers. We try to employ a
unified method to obtain a gradient bound of a positive solution to (1.3) which does not depend
on such quantities as the bounds of the solution and the Laplacian of the distance function. It is
worthy to point out that we do not need to restrict the dimension of the domain manifold. By
the authors’ knowledge, it seems that there is no results on the equation in the case dim(M) = 2.
Now we are in the position to state the main results of this paper.
Theorem 1.1. (Local gradient estimate) Let (M, g) be an n-dimensional complete noncompact
Riemannian manifold. Suppose there exists a nonnegative constant K := K(2R) such that
the Ricci Curvature of M is bounded below by −K, i.e., Ric(g) ≥ −Kg in the geodesic ball
B2R(O) ⊂ M where O is a fixed point on M. If u is a smooth positive solution u(x) to equation
(1.3) then, on BR(O),
(1) in the case a > 0 and p < 4
n
,
(1.1) there holds true in the case p < 2
n
|∇u|2
u2
+ aup ≤ 2n
2 − nmax{0, p}

(
(n − 1)(1 +
√
KR) + 2
)
C21 + C2
R2
+ 2K +
2nC21
(2 + nmax{0, p})R2
 ;
(1.2) there holds true in the case 2
n
≤ p < 4
n
|∇u|2
u2
≤ 4n
4 − (np − 2)2
2K +
(
(n − 1)(1 +
√
KR) + 2
)
C2
1
+C2
R2
+
4n
4 − (np − 2)2
C21
R2
 .
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(2) in the case a < 0 and p > 0,
(2.1) there holds true in the case p ≥ 2
n
|∇u|2
u2
≤ n

(
(n − 1)(1 +
√
KR) + 2
)
C2
1
+ C2
R2
+ 2K +
nC2
1
R2
 ;
(2.2) there holds true in the case 0 < p < 2
n
|∇u|2
u2
≤ 4n
4 − (2 − pn)2
2K +
(
(n − 1)(1 +
√
KR) + 2
)
C21 +C2
R2
+
4n
4 − (2 − pn)2
C21
R2
 .
Here C1 and C2 are absolute constants independent of the geometry of M.
Remark 1. In Theorem 1.1, for a > 0, it is easy to see that, as n = 4 we have (n + 4)/n =
n/(n − 2), and there holds true as n > 4
1 +
4
n
>
n
n − 2 .
This means that we extend the range of the corresponding power s = 1+ p for the same problem
as in [14] except for n = 4 since one needs to assume that 1 < (1+ p) < n
n−2 and n > 3 to obtain
the gradient estimate in [14].
On the other hand, as n ≥ 3, we have
1 +
4
n
> 1 +
5n + 6
2n(n + 2)
.
This means that the range of the corresponding power s = 1+ p in [16] is extended. In addition,
comparing with the gradient estimate derived in [16], we don’t need the assumption that n ≥ 3.
Our conclusions also cover the results in [23].
Up to now, by the best knowledge of the authors there is no the previous known results for the
case dim(M) = 2.
Remark 2. For the case a < 0 in Theorem 1.1, the gradient estimates on a positive solution
u, obtained in this paper, does not involved the bound of u. Meanwhile, the gradient estimates
obtained in [16] concerns the upper bound of u, although they obtained the estimates for the
case a < 0 and α = 1+ p > 0. On the other hand, in [23] Yang considered the gradient estimate
for the case a < 0 and α = 1 + p < 0, also their results involved the lower bound of a positive
solution u.
One consequence of Theorem 1.1 is the following Harnack inequality:
Corollary 1.2 (Harnack inequality). Suppose the same conditions as in Theorem 1.1 hold. Let
c(n, p,R,K) denote the right hand side of the gradient estimates derived in Theorem 1.1(note
that c(n, p,R,K) has four possibilities according to the ranges of a and p). Then
sup
BR/2(O)
u ≤ eR
√
c(n,p,R,K) inf
BR/2(O)
u.
By letting R → +∞ in Theorem 1.1, the following Liouville-type result follows immediately:
Corollary 1.3. Let (M, g) be an n-dimensional complete noncompact Riemannian manifold with
nonnegative Ricci curvature. Then (1.3) with (1) : a > 0 and p < 4
n
or (2) : a < 0 and p > 0
does not admit any positive solution.
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Remark 3. Here we want to give some remarks of the above Liouville-type results. For the case
a < 0 and p > 0, we give a new proof of the Liouville-type theorem on (1.3) defined on a com-
plete noncompact Riemannian manifold with nonnegative Ricci curvature, which was proved
for ∆u ≥ c0uα (c0 > 0 and α > 1 are two real constants), defined on a complete noncompact
Riemannian manifold with Ricci curvature bounded from below, by using a completely different
method in [7].
For a > 0 and p < 4
n
. In [23], Yang has proved that Corollary 1.3 holds true with p < −1.
Recently, Ma-Huang-Luo (see [16, Corollary 1.3]) showed that the similar results holds by
assuming p ≤ 0. Therefore, one has known that (1.3) with −∞ < p < 4/(n − 2) does not
admits a positive solution by summarizing the conclusions in [11], [23] and [16], if the domain
manifold M is a complete noncompact Riemannian manifold with nonnegative Ricci curvature
and dim(M) ≥ 3.
However, there are the following two remaining problems for the case a > 0 and p ≥ 4
n
:
1. Can we obtain the similar gradient estimates on positive solutions to (1.3)?
2. One ask naturally whether (1.3) with 3 ≤ 1 + p < +∞, defined on a two dimensional
complete noncompact Riemannian manifold with nonnegative Ricci curvature, does not admit
any positive solution or not?
2. Preliminaries
Throughout this section, we will denote by (M, g) be an n-dimensional complete noncompact
Riemannian manifold with Ric(g) ≥ −Kg in the geodesic ball B2R(O), where K = K(2R) is
a nonnegative constant depending on R and O is a fixed point on M. First, we consider the
following equation on M
(2.1) ∆u + au f (log u) = 0,
where f ∈ C2(R,R) is a C2 function on R and a , 0. It is easy to see that if we set f (t) = ept ,
then (2.1) is actually equal to (1.3).
Proposition 2.1. Let (M, g) be an n-dimensional complete noncompact Riemannian manifold
satisfy the same assumption as in Theorem 1.1. Suppose that u(x) is a smooth positive solution
to equation (2.1) on geodesic ball BR(O) and let
ω = log u and G = |∇ω|2 + β f (ω),
here β is a constant to be determined later. Then we have
∆G ≥ 2
n
G2 +
(
(β − 2a) f ′(ω) + β f ′′(ω) − 4
n
(β − a) f (ω) − 2K
)
G
+
2
n
(β − a)2 f 2(ω) + 2Kβ f (ω) − β(β − a) f (ω) f ′(ω) − β2 f (ω) f ′′(ω)
− 2 〈∇ω,∇G〉 .
Proof. First,we notice that there hold
(2.2) ∆ω +G + (a − β) f (ω) = 0,
and
(2.3) |∇ω|2 = G − β f (ω).
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By the Bochner-Weitzenbo¨ck′s formula and the assumption on the Ricci curvature tensor, we
obtain
(2.4) ∆ |∇ω|2 ≥ 2
∣∣∣∇2ω∣∣∣2 + 2 〈∇ω,∇(∆ω)〉 − 2K |∇ω|2 .
In view of (2.2), (2.3) and (2.4) we take a direct calculation to obtain
∆G =∆ |∇ω|2 + ∆ (β f (ω))
≥ 2
∣∣∣∇2ω∣∣∣2 + 2 〈∇ω,∇(∆ω)〉 − 2K |∇ω|2 + ∆(β f (ω))
≥ 2
n
(∆ω)2 + 2 〈∇ω,∇(∆ω)〉 − 2K |∇ω|2 + β( f ′′(ω) |∇ω|2 + f ′∆ω).
Here we have used the relation ∣∣∣∇2ω∣∣∣2 ≥ 1
n
(∆ω)2
which can be easily derived by Cauchy-Schwarz inequality. Hence, it follows
∆G ≥ 2
n
(
G − (β − a) f (ω)
)2
− 2 〈∇ω,∇G〉 − 2(a − β) f ′(ω) |∇ω|2
− 2K |∇ω|2 + β f ′′(ω) |∇ω|2 + β f ′
(
−G + (β − a) f (ω)
)
=
2
n
(
G − (β − a) f (ω)
)2
− 2 〈∇ω,∇G〉 − β f ′(ω)G
+
(
2(β − a) f ′(ω) + β f ′′(ω) − 2K
)(
G − β f (ω)
)
+ β(β − a) f ′(ω) f (ω)
=
2
n
G2 − 2 〈∇ω,∇G〉 +
(
(β − 2a) f ′(ω) + β f ′′(ω) − 4
n
(β − a) f (ω) − 2K
)
G
+
2
n
(β − a)2 f 2(ω) + 2Kβ f (ω) − β(β − a) f ′(ω) f (ω) − β2 f ′′(ω) f (ω).(2.5)
This is just the required inequality. Thus we complete the proof. 
Next, we will turn to construct the cut-off function. Let ψ(r) ∈ C2 ([0,∞),R≥0) be a C2
function on [0,∞) such that ψ(r) = 1 for r ≤ 1,ψ(r) = 0 for r ≥ 2,and 0 ≤ ψ(r) ≤ 1.
Furthermore we can arrange that ψ(r) satisfying the following
0 ≥ ψ′(r) ≥ −C1ψ
1
2 (r) and ψ
′′
(r) ≥ −C2
for some absolute constants C1 and C2. Now, let
(2.6) φ(x) = ψ
(
d(x,O)
R
)
.
It is easy to see that
φ(x)
∣∣∣
BR(O)
= 1 and φ(x)
∣∣∣
M\B2R(O) = 0.
Furthermore, by using Calabi’s trick (see [4]), we can assume without loss of generality that
the function φ is smooth in B2R(O). Then by the Laplacian comparison theorem (see [20]), the
following lemma holds obviously on B2R(O),
Lemma 2.2. For the function φ defined as above, there hold true the following two inequalities
(i)
|∇φ|2
φ
≤ C
2
1
R2
.
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(ii)
∆φ ≥ −(n − 1)(1 +
√
KR)C21 +C2
R2
.
Now let x0 ∈ B2R(O) such that
Q = φG(x0) = sup
B2R(O)
φG.
We can further assume without loss of generality that Q > 0, since otherwise Theorem 1.1 holds
trivially with β = λa and f = ept. Note that x0 < ∂B2R(O). Thus, at x0, we have
(2.7) ∇(φG)(x0) = 0, and ∆(φG)(x0) ≤ 0.
This implies
(2.8) φ∇G = −G∇φ and φ∆G +G∆φ − 2G |∇φ|
2
φ
≤ 0.
Combining Lemma 2.2 and (2.8) and taking a direct computation yield
(2.9) AG ≥ φ∆G,
where
A =
(
(n − 1)(1 +
√
KR) + 2
)
C21 +C2
R2
.
On the other hand, from (2.3) and (2.8), it is easy to see that at x0 there holds true
− 〈∇ω,∇G〉φ = G 〈∇ω,∇φ〉
= −G |∇φ| (G − β f (ω)) 12 ,(2.10)
Now, by substituting (2.9) and (2.10) into (2.5), we obtain
AG ≥ 2
n
φG2 +
(
(β − 2a) f ′(ω) + β f ′′(ω) − 4
n
(β − a) f (ω) − 2K
)
φG
+
(
2
n
(β − a)2 f 2(ω) + 2Kβ f (ω) − β(β − a) f (ω) f ′(ω) − β2 f (ω) f ′′(ω)
)
φ
−2G |∇φ| (G − β f (ω)) 12 .(2.11)
3. The Proof of Theorem 1.1
In this section we give the proof of main theorem.
Proof of Theorem 1.1. Letting β = λa (where λ is to be determined) and f (t) = ept in (2.11),
we can obtain from Proposition 2.1 and the above arguments that
AG ≥2
n
φG2 +
(
λp2 + (λ − 2)p − 4
n
(λ − 1)
)
aepωφG
+
((
2
n
(λ − 1)2 − λ(λ − 1)p − λ2p2
)
a2e2pω + 2Kλaepω
)
φ
− 2KφG − 2 |∇φ|G (G − λaepω) 12 .
(3.1)
Denote
T = λp2 + (λ − 2)p − 4
n
(λ − 1) and N = 2
n
(λ − 1)2 − λ(λ − 1)p − λ2p2,
GRADIENT ESTIMATES FOR ∆u + aup+1 = 0 AND LIOUVILLE THEOREMS 7
we have
(3.2) AG ≥ 2
n
φG2 + TaupφG +
(
Na2u2p + 2Kλaup
)
φ − 2KφG − 2 |∇φ|G(G − λaup) 12 .
According to the sign of a, we need to consider the following two cases:
Case 1: a > 0. In this case, we need to handle two cases: (1). λ > 0 and (2). λ = 0.
For the case λ > 0, by using Young inequality we can see easily that there hold true
(3.3) 2 |∇φ|G(G − λaup) 12 ≤ C |∇φ|
2
φ
G +
1
C
φG(G − λaup),
here C is a positive constant to be determined later. By substituting (3.3) into (3.2), we derive
AG ≥ 2
n
φG2 + TaupφG +
(
Na2u2p + 2Kλaup
)
φ − 2KφG − C |∇φ|
2
φ
G − 1
C
φG(G − λaup)
=
(
2
n
− 1
C
)
φG2 − 2KφG − C |∇φ|
2
φ
G +
((
T +
λ
C
)
G + Naup + 2Kλ
)
aupφ.
If N ≤ 0 and T + λ
C
+
N
λ
≥ 0, then, we have
AG ≥
(
2
n
− 1
C
)
φG2 − 2KφG −C |∇φ|
2
φ
G +
((
T +
λ
C
)
G + Naup + 2Kλ
)
aupφ
≥
(
2
n
− 1
C
)
φG2 − 2KφG −C |∇φ|
2
φ
G +
((
T +
λ
C
)
G + N
G
λ
+ 2Kλ
)
aupφ
=
(
2
n
− 1
C
)
φG2 − 2KφG −C |∇φ|
2
φ
G +
((
T +
λ
C
+
N
λ
)
G + 2Kλ
)
aupφ
≥
(
2
n
− 1
C
)
φG2 − 2KφG −CC
2
1
R2
G,
where we have used the fact aup ≤ G
λ
. When 2
n
− 1
C
> 0, multiplying both side of the last
inequality by 1/G, we obtain
(3.4) φG ≤
A + 2K + C
C2
1
R2
2
n
− 1
C
.
To maintain the above inequalities hold true, we need to solve the following inequalities
(3.5)

T +
λ
C
+
N
λ
≥ 0,
N =
2
n
(λ − 1)2 − λ(λ − 1)p − λ2p2 ≤ 0,
λ > 0, and
2
n
− 1
C
> 0.
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Calculating directly, we have
(3.6)

p ≤ 2
n
· 1
λ
−
(
2
n
− 1
C
)
λ,
p ≤
−
√
1 + 8
n
|λ − 1| − (λ − 1)
2λ
or p ≥
√
1 + 8
n
|λ − 1| − (λ − 1)
2λ
,
λ > 0, and
2
n
− 1
C
> 0.
Now we choose λ = 1 and 1
C
=
max{0,p}
2
+
1
n
. Then, for p ∈ (−∞, 2
n
), there holds
(3.7) sup
BR
( |∇u|2
u2
+ aup
)
≤ 2n
2 − nmax{0, p}
(
A + 2K +
2nC2
1
(2 + nmax{0, p})R2
)
.
For the case λ = 0, in this case, notice that 0 ≤ φ ≤ 1 we obtain
AG ≥ 2
n
φG2 + TaupφG + Na2u2pφ − 2KφG − 2 |∇φ|G 32
≥ 2
n
φG2 − 2 |∇φ|G 32 − 2KφG + (TG + Naup) aupφ
=
(√
Naup +
TG
2
√
N
)2
φ +
(
2
n
− T
2
4N
)
φG2 − 2C1
R
φ
1
2G
3
2 − 2KG
≥
(
2
n
− T
2
4N
)
φG2 − 2C1
R
φ
1
2G
3
2 − 2KG.(3.8)
For 2
n
− T 2
4N
> 0, it is easy to see that the above inequality implies
(3.9) φG ≤ 8nN
8N − nT 2
(
2K + A +
8nN
8N − nT 2
C21
R2
)
.
Therefore, we need to solve the following inequalities
(3.10)

2
n
− T
2
4N
> 0,
N =
2
n
> 0.
By taking a direct calculation, we derive
(3.11) 0 < p <
4
n
.
Now for 2
n
≤ p < 4
n
, then it is easy to see from (3.9) and (3.11) that
(3.12) sup
BR
G ≤ 4n
4 − (np − 2)2
(
2K + A +
4n
4 − (np − 2)2
C2
1
R2
)
,
Hence, by summarizing the previous (3.7) and (3.12), we complete the proof of Theorem 1.1
for case a > 0.
Case 2: a < 0.
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In this case, we choose λ = 0. It is easy to check that (3.8) still holds true. Then for T ≤ 0
and N > 0 we have
AG ≥ 2
n
φG2 − 2C1
R
φ
1
2G
3
2 − 2KG.
Multiplying both side of the last inequality by 1/G, it follows immediately from Young’s in-
equality and the above inequality that
φG ≤ n
(
2K + A +
nC2
1
R2
)
.
Calculating directly, we obtain
p ≥ 2
n
.
Hence for p ≥ 2
n
, we have
(3.13) φG ≤ n
(
2K + A +
nC2
1
R2
)
.
Similarly for 2
n
− T 2
4N
> 0, we can see easily from the Young’s inequality that
(3.14) φG ≤ 8nN
8N − nT 2
(
2K + A +
8nN
8N − nT 2
C2
1
R2
)
.
Therefore, we need to solve the following inequalities
(3.15)

2
n
− T
2
4N
> 0,
N > 0.
By taking a direct calculation, we derive
(3.16) 0 < p <
4
n
Thus, for 0 < p < 2
n
, it is easy to see from (3.14) and (3.16) that
(3.17) sup
BR
G ≤ 4n
4 − (2 − np)2
(
2K + A +
4n
4 − (2 − np)2
C21
R2
)
,
Hence, by summarizing the previous (3.13) and (3.17), we complete the proof of Theorem
1.1. 
Proof of Corollary 1.2. It follows from Theorem 1.1 that on BR(O),
|∇u|
u
≤
√
c(n, p.R,K).
Choose x, y ∈ BR/2(O) such that
u(x) = sup
BR/2(O)
u(x) and u(y) = inf
BR/2(O)
u(x).
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Let γ(t), t ∈ [0, l] be a shortest curve with arc length in (M, g) connecting y and x with γ(0) =
x, γ(l) = y. By the triangle inequality, we can see easily that γ ∈ BR(O) and l ≤ R. Then
log u(x) − log u(y) =
∫ l
0
∂ log u ◦ γ(t)
∂t
dt
≤
∫
γ
|∇u|
u
≤
√
c(n, p,R,K) · R.
Hence
sup
BR/2(O)
u ≤ eR
√
C(n,p,R,K) inf
BR/2(O)
u.
We finish the proof. 
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